We present the results of extensive multi-band intra-night optical monitoring of BL Lacertae during 2010-2012. BL Lacertae was very active in this period and showed intense variability in almost all wavelengths. We extensively observed it for a total for 38 nights; on 26 of them observations were done quasi-simultaneously in B, V, R and I bands (totaling 113 light curves), with an average sampling interval of around 8 minutes. BL Lacertae showed significant variations on hour-like timescales in a total of 19 nights in different optical bands. We did not find any evidence for periodicities or characteristic variability time-scales in the light curves. The intranight variability amplitude is generally greater at higher frequencies and decreases as the source flux increases. We found spectral variations in BL Lacertae in the sense that the optical spectrum becomes flatter as the flux increases but in several flaring states deviates from the linear trend suggesting different jet components contributing to the emission at different times.
INTRODUCTION
BL Lacertae is a well known source which has been used to define a class of active galactic nuclei (AGNs) that, together with flat spectrum radio quasars, make up the highly variable objects called blazars. The BL Lacertae class is characterized by the absence or extreme weakness of emission lines (with equivalent width in the rest frame of the host galaxy of < 5Å), intense flux and spectral variability across the complete electromagnetic spectrum on a wide variety of time-scales, and highly variable optical and radio polarization (e.g., Wagner & Witzel 1995) . A relativistic plasma jet pointing close to our line of sight can account for the ⋆ E-mail: haritma@shao.ac.cn observed properties of these objects. BL Lacertae is an optically bright blazar located at z = 0.0688 ± 0.0002 (Miller & Hawley 1977) hosted by a giant elliptical galaxy with R= 15.5 (Scarpa et al. 2000) . BL Lacertae is an LBL (low frequency peaked blazar) as its low energy spectral component peaks at millimeter to micron wavelengths while the high energy spectral component peaks in the MeV-GeV range. On some occasions, BL Lacertae has shown broad Hα and Hβ emission lines in its spectrum, raising the issue of its membership in its eponymous class (Vermeulen et al. 1995) . Lacertae is well known for its intense optical variability on short and intra-day time-scales (e.g. Massaro et al. 1998; Tosti et al. 1999; Clements & Carini 2001; Hagen-Thorn et al. 2004 ) and strong polarization variability (Marscher et al. 2008; Gaur et al. 2014 and references therein). Extensive light curves for BL Lacertae have been presented by many authors and hence a number of investigations have been carried out to search for the flux variations, spectral changes and any possible periodicities in the light curves (e.g. Racine 1970; Speziali & Natali 1998; Böttcher et al. 2003; Fan et al. 2001; Hu et al. 2006) . Nesci et al. (1998) found the source to be variable with the amplitudes of flux variations larger at shorter wavelengths. Papadakis et al. (2003) studied the rise and decay time-scales of the source during the course of a single night and found them to increase with decreasing frequency. They also studied the time-lags between the light curves in different optical bands and found the B band to lead the I band by ∼0.4 hours. Villata et al. (2002) carried out a campaign in 2000-2001 with exceptionally dense temporal sampling, which was able to measure intra-night flux variations of this blazar. They found the optical spectrum to be only weakly sensitive to the long term brightness trend and argued that this achromatic modulation of the flux base level on long time-scales is due to variations of the jet Doppler factor. However, the short-term flux variations and especially the bluer-when-brighter trend indicate the importance of intrinsic processes related to the jet emission mechanism (Raiteri et al. 2013; Agarwal & Gupta 2015) .
A key motivation of this study is to look for intra-day flux and spectral variations in optical bands during the active state of BL Lacertae in 2010-2012. We also studied interband BVRI time delays on intra-day time-scales of BL Lacertae. As BL Lacertae is a very well known LBL and the optical bands are located above the first peak of the spectral energy distribution, the fast intra-day variability (IDV) properties can yield rather direct implications for the nature of the acceleration and cooling mechanisms of the relativistic electron populations. Over the course of 3 years, we performed quasi-simultaneous optical multi-band photometric monitoring of this source from various telescopes in Bulgaria, Greece, India and the USA on intra-day timescales.
The paper is organized as follows. In Section 2 we briefly describe the observations and data reductions. Section 3 discusses the methods of quantifying variability. We present our results in Section 4. Sections 5 & 6 contain a discussion and our conclusions, respectively.
OBSERVATIONS AND DATA REDUCTION
Our observations of BL Lacertae started on 10 June 2010 and ran through 26 October 2012. The entire observation log is presented in Table 1 . The observations were carried out at seven telescopes in Bulgaria, Greece, India and the USA. The telescopes in Bulgaria, Greece and India are described in detail in Gaur et al. (2012, Table 1 ) and the standard data reduction methods we used at each telescope are given in Section 3 of that paper, so we will not repeat them here. During our observations, typical seeing vary between 1-3 arcsec. In our observations of BL Lacertae, comparison stars are observed in the same field as the blazar and their magnitudes are taken from Villata et al. (1998) . We used star C for calibration as it has both magnitude and colour close to those of BL Lacertae during our observations.
At the MDM Observatory on the south-west ridge of Kitt Peak, Arizona, USA, data were taken for limited periods during the nights of 3, 4, 5, 6, 7 and 8 July 2010 with the 1.3 m McGraw-Hill Telescope, using the Templeton CCD with B, V, R, and I filters. CCD parameters are described in Table 2 . The standard data reduction was performed using IRAF 1 , including bias subtraction and flat-field division. Instrumental magnitudes of BL Lacertae plus four comparison stars in the field (Villata et al. 1998) were extracted using the IRAF package DAOPHOT 2 with an aperture radius of 6 arcsec and a sky annulus between 7.5 and 10 arcsec.
The host galaxy of BL Lacertae is relatively bright, so, in order to remove its contribution from the observed magnitudes, we first dereddened the magnitudes using the Galactic extinction coefficient of Schlegel et al. (1998) and converted them into fluxes. We then subtracted the host galaxy contribution from the observed fluxes in R band by considering different aperture radii used by different observatories for the extraction of BL Lacertae magnitudes, using Nilsson et al. (2007) . We inferred the host galaxy contribution in B, V and I bands by adopting the elliptical galaxy colours of V−R = 0.61, B−V = 0.96 and R−I = 0.70 from Fukugita et al. (1995) . Finally, we subtracted the host galaxy contribution in the B, V and I bands in order to avoid host contamination in the extraction of colour indices.
VARIABILITY DETECTION CRITERION

Power Enhanced F-test
The F-test, as described by de Diego (2010), provides a standard criterion for testing for the presence of intra-night variability. The F-statistic is defined as the ratio of two given sample variances such as s 2 Q for the blazar instrumental light curve measurements and s 2 * for that of the standard star, i.e.,
Usually, two comparison stars in the blazar field are used to calculate F1 and F2, and evidence of variability is claimed if both the F-tests simultaneously reject the null hypothesis at a specific significance level (usually 0.01 or 0.001) ( Gaur et al. 2012 and references therein) . In this case, the number of degrees of freedom for each sample, νQ and ν * will be the same, and equal to the number of measurements, N minus 1 (ν = N − 1). Recently, de Diego (2014) called this procedure the "Double Positive Test" (DPT) and pointed out a problem with this procedure that DPT has very low power and in practice its significance level can not be calculated. Also, a large brightness difference or some variability in one of the stars may lead to an underestimation of the source's variability with respect to the dimmer or less variable star. To avoid this issue we employed the power-enhanced F-test using the approach of de Diego (2014) and de Diego et al. (2015) . It consists of increasing the number of degrees of freedom in the denominator of the F-distribution by stacking all the light curves of the standard stars and it consists in transforming the comparison star differential light curves to have the same photometric noise as if their magnitudes matched exactly the mean magnitude of the target object. The mean brightness of both the comparison star and the target object are matched to ensure that the photometric errors are equal. Including multiple standard stars reduces the possibility of false detections of intra-night variability that can be produced by one single peculiar comparison star light curve. More details are provided in de Diego et al. 2015 . In the analysis, we used three standard stars B, C and H in the field of BL Lacertae whose brightnesses are very close to the brightness of BL Lacertae. Thus, for the i th observation of the light curve of standard star j, for which we have Nj data points, we calculate the square deviation as:
By stacking the results of all observations on the total of k comparison stars, we can calculate the combined variance as:
Then, we compare this combined variance with the blazar light curve variance to obtain the F value with νQ = N − 1 degrees of freedom in the numerator and ν * = k(N − 1) degrees of freedom in the denominator. This value is then compared with the F (α) ν Q ,ν * critical value, where α is the significance level set for the test. The smaller the α value, the more improbable it is that the result is produced by chance. If F is larger than the critical value, the null hypothesis (no variability) is discarded. We have performed the F -test at the α = 0.001 level.
Discrete Correlation Function (DCF)
To estimate the variability time-scales in the observed light curves of BL Lacertae and to determine the crosscorrelations between different optical bands, we used the Discrete Correlation Function (Edelson & Krolik 1988; Hovatta et al. 2007) .
The first step is to calculate the unbinned correlation (UDCF) using the given time series by:
Here a(i) and b(j) are the individual points in two time series a and b, respectively,ā andb are respectively the means of the time series, and σ via
where τ is the centre of a time bin and n are the number of points in each bin. DCF analysis is frequently used for finding the correlation and possible lags between multifrequency AGN data. When the same data train is used, so a=b, there is obviously a peak at zero lag and is called Auto Correlation Function (ACF), indicating that there is no time lag between the two but any other strong peaks in the ACF give indications of variability timescales.
RESULTS
Flux variations
We extensively observed the source for a total of 38 nights during 2010-2012. During 26 of those nights, we observed the source quasi-simultaneously in the B, V, R and I bands, providing a total of 113 light curves in B, V, R and I. These light curves are displayed in Figs. 1 and 2. The lengths of the individual observations were usually between 2 and 6 hours. It is clear from the figures that BL Lacertae was variable from day to day and also on hourly time-scales. We searched for genuine flux variations on IDV time-scales and found 50 light curves to be variable in the whole set of filters during a total of 19 nights using the enhanced F-test. The intranight variability amplitudes (in per cent) are given by Heidt & Wagner (1996) :
where Amax and Amin are the maximum and minimum values in the calibrated light curves of the blazar, and σ is the average measurement error. The enhanced F-test values are presented in Table 1 . The duty cycle (in per cent) (DC) of BL Lacertae is computed following the definition of Romero et al. (1999) that later was used by many authors (e.g., Stalin et al. 2004; Goyal et al. 2012 , and references therein),
where ∆ti = ∆t i,obs (1 + z) −1 is the duration of the monitoring session of a source on the i th night, corrected for its cosmological redshift, z. Since for a given source the monitoring durations on different nights are not always equal, the computation of the DC is weighted by the actual monitoring duration ∆ti on the i th night. Ni is set equal to 1 if intra-day variability was detected by the F-test (given in Table 1 ), otherwise Ni = 0. We found the duty cycle of BL Lacertae to be around 44 per cent.
Amplitude of Variability
When the variability is substantial the amplitude of variability usually is greater in higher energy bands (B) and smaller in lower energy bands (R) in most of the observations. It has been found by many investigators that amplitude of variability is greater at higher frequencies for BL Lacertaes (Ghisellini et al. 1997; Massaro et al. 1998; Bonning et al. 2012 ) however, the amplitude of variability is not systemaically larger at higher frequencies is also found on some occasions (Ghosh et al. 2000; Ramirez et al. 2004 ). In few cases, we found the amplitude of variability in lower energy bands to be comparable to or greater than the amplitude of variability in higher energy bands. Still, because the errors in the B band are higher in these cases, while they are often lower in the lower frequency band, there are some nights during which the statistical significance of the variations falls below our thresholds in B (also sometimes V), when clear variability is detected in R and I bands. Also, differences in the amplitude of variability in various optical bands change from one observation to another. The highest fractional amplitude of variability was found to be ∼38 per cent on 6 July 2010, where the source showed a ∼0.3 mag change in less than 3.5 hours in V band.
We searched for possible correlations between the variability amplitude and the duration of the observation, as displayed in Fig. 3 (left panel). We found a significant positive correlation (ρ = 0.3306 with p = 0.0190, where ρ and p are the Spearman Correlation coefficient and its p-value, respectively) between them, i.e., the variability amplitude increases with duration of the observation. We conclude that there is an enhanced likelihood of seeing higher amplitudes of variability in longer duration light curves, which is in agreement with Gupta & Joshi (2005) report for a larger sample of blazars.
Next we examined the possible correlation between the amplitude of variability with the source flux (Fig. 3, right  panel) . It can be seen that amplitude of variability decreases as the source flux increases (ρ=-0.4990 with p=0.0002). This might be explained as, if the source attains a high flux state, the irregularities in the jet flow decreases particularly if fewer non-axisymmetric bubbles were carried outward in the relativistic magnetized jets (Gupta et al. 2008) . For instance, the blazar 3C 279 was observed in 2006 during its outburst/high state but did not show any genuine microvariability, while other sources which were in their pre/post outburst state showed significant micro-variability (Gupta et al. 2008 ). This anti-correlation between variability amplitude and flux could also be explained by a two component model where in more active phases or in an outburst state, the slowly varying jet component rises and dominates on the emission from the more variable regions, i.e., shocks/knots, and therefore reduces the fractional amplitude. However, there is scatter in the plot, some of which could be due to an observational bias, as some observations were longer than others. Due to this, the observed variability amplitude at similar luminosities could be quite different as the amplitude of variability increases with the duration of the observation.
R-band Autocorrelations
We searched for the presence of a characteristic time-scale of variability in all of the nights by auto-correlating the R-band measurements, for which we had the most data. In most of the nights, the auto-correlation function (ACF) shows a sharp maximum at nearly zero lag, as expected, and it stays positively auto-correlated with itself for time lags of somewhat less than 1 hour followed by dropping to negative values. Hence, we conclude that we did not find any evidence for characteristic variability time-scales from this approach. One example of R-band ACF is shown in the left panel of figure 4 .
Inter-band cross-correlations
We computed the DCFs to determine the cross-correlations and time delays between the B and I, V and I, and R and I bands. The time delays are expected between emission in different energy bands, as the flare usually begin at higher frequencies and then propagates to lower frequencies in the inhomogeneous jet model. Injected high energy electrons emit synchrotron radiation first at higher frequencies and then cool, emitting at progressively lower frequencies, resulting in time lag between high and low frequencies. The DCFs between the light curves in all bands show close correlations among the various bands in the nights where genuine variability is present. For the nights in which no genuine variability is present, we normally found much weaker correlations between the bands (<0.4). As the peak of the DCFs are broad, we fit the DCFs with Gaussian functions to determine the possible time delays; however, lags indicated by the DCFs are all consistent with zero. This is not surprising due to the closeness of the various optical bands we measured in frequency space, so if any lags are present they appear to be less than the resolution of our light curves. An example of the DCF is shown in the right panel of fig. 4 .
Colour Indices
We next investigated the existence of spectral variations by studying the behaviour of colour variations with respect to the brightness of BL Lacertae. The colour indices (CIs) are calculated by combining almost simultaneous (within 8 minutes) B, V, R and I magnitudes to yield CIs = B−V, V−R, R−I and B−I. For a particular night, we studied the colour variability only when both light curves were identified as variable. Our data have the advantage of being almost simultaneous in various optical bands. It is important to recall that the underlying host galaxy, effect of the accretion disk component and the Gravitational microlensing can also lead to apparent, but unreal, colour variations (Hawkins 2002) . But, since Gravitational microlensing is important on weeks to months time-scales and during our observations, BL Lacertae was in flaring state (Raiteri et al. 2013) where the Doppler boosting flux from the relativistic jet almost invariably swamps out the contribution of the accretion disk component, so we can rule out the contribution of these components. Also, the data we have used in calculating the colour indices are host galaxy subtracted so we conclude that our results indicates variability of the non-thermal continuum radiation.
We studied the variations of colour indices with respect to brightness in 13 of these observations. We fit all the colour-magnitude diagrams with a linear model of the form CI = m× mag + c (where m is the slope in the fit, V magnitude is taken as mag and c is its respective intercept). The Pearson correlation coefficient (r), its p-value (null hypothesis probability; we consider a confirmed colour index correlation with the V magnitude when p <0.01) along with the slopes and intercepts are presented in Table 3 . The significant positive correlations between the colour index and magnitude along with a change of slope >3 σ indicates that the source exhibits a bluer-when-brighter trend.
In five of the nights, which are marked by asterisks in Table 3 , we found significant variations in colour indices at bluer-when-brighter chromatic events with a slope of ∼0.4. In five observations, we found a bluer-when-brighter trend with a slope varying between 0.18-0.28 (in Table 3 ).
In the other eight observations, we did not find significant linear correlations between colour indices and magnitudes (Table 3 ). In some of them significant colour variations are seen but are not well fitted by linear functions. During the observations on 6 July 2010 (Fig. 1, fourth panel) , we found a strong flare with magnitude variation of ∼0.3 in all the optical bands and the behaviour of the colour magnitude diagram varies according to the different flux states. But, on intra-day timescales it is difficult to judge the variations of the colour indices with respect to different brightness states as the flare is on hours like timescales. Also, in other observations, i.e, 8 July 2010, 24 and 25 August 2011, we saw small sub-flares superimposed on the long-term trend. In these cases, the colour indices vary significantly within the individual observations, sometimes showing different branches in the colour magnitude diagrams according to the flux states. Spectral steepening during the flux rise can be explained by the presence of two components, one variable with a flatter slope which dominates during the flaring states and another one that is more stable and contributes to the long term achromatic emission (Villata et al. 2004 ). So, it could be possible that during these observations, the superposition of many distinct new variable components lead to the overall weaking of the colour-magnitude correlations. Bonning et al. (2012) studied a sample of FSRQs and BL Lacertaes and found that FSRQs follow redder-when-brighter trends while BL Lacertaes show no such trends. They found complicated behaviour of the blazars on colour-magnitude diagrams: hysteresis tracks, and acromatic flares which depart from the trend suggesting different jet components becoming important at different times. Therefore, our colour variability results show that the intra-night flares between 2010 and early 2012 are chromatic but do not always follow simple bluer-when-brighter trends.
DISCUSSION
We performed photometric monitoring of BL Lacertae during the period 2010-2012 for a total of 38 nights in the B, V, R and I bands in order to study its flux and spectral variability. In 19 of those nights, we found genuine IDV. The light curves often show gradual rises and decays, sometimes with smaller sub-flares superimposed. No evidence for periodicity or other characteristic time scales was found. We find the duty cycle of the source during this period to be ∼44%. In the earlier studies, it has been found that LBLs display stronger IDV than HBLs (high frequency peaked blazars) and the DC has been estimated to be ∼70% for LBLs and ∼30-50% for HBLs (Heidt & Wagner 1998; Romero et al. 2002; Gopal-Krishna et al. 2003) . Gopal-Krishna et al. (2011) studied a large sample of blazars and found that if variability amplitude (Amp) >3% is considered, the DC is 22% for HBLs and 50% for LBLs. We found DC of ∼44% for BL Lacertae (which is a well known LBL) is in accordance with the previous studies.
In the literature, there are various models which explains intra-day variability of blazars. Intrinsic ones focus on the evolution of the electron energy density distribution of the relativistic paricles leading to a variable synchrotron emission, with shocks accelerating turbulent particles in the plasma jet which then cools by synchrotron emission (e.g., Marscher, Gear & Travis 1992; Marscher 2014; Calafut & Wiita 2015) . Extrinsic ones involve geometrical effects like swinging jets where the path of the relativistic moving blobs along the jet deviated slightly from the line of sight, leading to a variable Doppler factor (e.g., Gopal-Krishna & Wiita 1992). The long term periodic and acromatic BL Lacertae variability may be mostly explained by the geometrical scenarios where viewing angle variation can be due to the rotation of an inhomogeneous helical jet which causes variable Doppler boosting of the corresponding radiation (Villata et al 2002; Larionov et al. 2010 and references therein). As we are considering the faster intra-night flux variations that are associated with the colour variations, they are more likely to be associated with models involving shock propagating in a turbulent plasma jet. When variability is clearly detected, its amplitude is usually greater at higher frequencies, which is consistent with previous studies (Papadakis et al. 2003; Hu et al. 2006) and can be well explained by electrons that are accelerated at the shock front and then lose energy as they move away from the front. Higher-energy electrons lose energy faster through the production of synchrotron radiation, and are produced in a thin layer behind the shock front. In contrast, the lower-frequency emission is spread out over a larger volume behind the shock front (Marscher & Gear 1985) . This leads to time lags of the peak of the light curves toward lower frequencies and amplitude of variability higher at higher frequencies which is clearly visible in the multi-frequency blazars light curves. Due to the closeness of the various optical bands, the starting time of a flare should be almost the same and hence on short time-scales, it is difficult to detect the time lags between the optical bands. Although the amplitude of variability is an inherent property of the source, we had to examine whether it has any dependence on the duration of observation, and found a significant positive correlations between the observed amplitude of variability of the light curves and the duration of the observations. As noted by Gupta & Joshi (2005) , on intra-day timescales, the probability of seeing a significant intra-day variability generally increases if the source is continuously observed for long durations. In our observations, duration of monitoring varies between 1.5-5.8 hours. Also, we found that the amplitude of variability decreases as the source flux increases which can be explained as the source flux increases, the irregularities in the turbulent jet (Marscher 2014) decrease and the jet flow becomes more uniform leading to a decrease in amplitude of variability.
We searched for the possible correlations between colour versus magnitude and found significant positive correlations between them in five of the observations out of total 13. So, BL Lacertae showed significant bluer-when-brighter trends on these night with different regression slopes (in Table 3 ). This behaviour is very well known for BL Lacertaes and can be interpreted as resulting from rapid, impulsive injection/acceleration of relativistic electrons, followed by subsequent radiative cooling (e.g., Böttcher & Chiang 2002) . However, other observations do not show significant linear correlations and show complicated behaviour on colourmagnitude diagrams i.e different slopes according to the different flux states or nearly zero slopes between colourmagnitude (Table 3 ). Of course it is possible that superposition of different spectral slopes from many variable components (standing shocks in different parts of the jet) could lead to the overall weakening of the colour-magnitude correlations (Bonning et al. 2012) .
Hence, the behaviour of the colour-magnitude diagrams provides us with indirect information on the amplitude difference and time-lags between these bands as Dai et al. (2011) performed simulations to confirm that both the amplitude differences and time delays between variations at different wavelengths result in a hardening of the spectrum during the flare rise. They showed that if there is a difference in amplitude in two light curves, it leads to the evolution of the object along a diagonal path in the colour-magnitude diagram. If there is a time-lag along with the amplitude change, counter-clockwise loop patterns on the colour indexmagnitude diagram arise (Dai et al. 2011) . However, any such lags are probably shorter than the sampling time of our observations, so we are not able to detect them through the DCFs we computed.
CONCLUSIONS
Our conclusions are summarized as follows:
• During our observations in 2010-2012 BL Lacertae was highly variable in B, V, R and I bands. The variations were well correlated in all four bands and were very smooth, with gradual rises/decays. In one of the observations, on 6 October 2010, we found a pronounced flare-like event, and the highest variability amplitude is found in the V band at 38 per cent.
• In the cases with significant variability, the amplitude of variability is highest in the highest energy band.
• The amplitude of variability correlates positively with the duration of the observation and decreases as the flux of the source increases.
• We searched for time delays between the B, V, R and I bands in our observations, but we did not find any significant lags. This implies that the variations are almost simultaneous in all of the bands and any time lags, if present, are less than our data sampling interval of ∼8 minutes.
• The flux variations are associated with spectral variations on intra-day time-scales. In 5 of the 13 observations, the optical spectrum showed the overall bluer-when-brighter trend which could well represent highly variable jet emission.
• The colour vs. magnitude diagrams show different behaviours which could represent the contribution of different variable components during the flaring states.
• We conclude that the acceleration and cooling timescales are very short for these optical variations and hence dense optical observations with even shorter cadence and higher sensitivity are required to better characterize them.
